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Abstract
Message-passing models of distributed computing vary along numerous dimensions: degree of
synchrony, kind of faults, number of faults... Unfortunately, the sheer number of models and
their subtle distinctions hinder our ability to design a general theory of message-passing models.
One way out of this conundrum restricts communication to proceed by round. A great variety
of message-passing models can then be captured in the Heard-Of model, with predicates on the
communication graph at each round. Characterizing a model by such a predicate then depends
on how to implement rounds in the model. This is straightforward in synchronous models, thanks
to the upper bound on communication delay. On the other hand, asynchronous models allow
unbounded message delays, which makes the implementation of rounds dependent on the specific
message-passing model.

A formalization of rounds for asynchronous message-passing models is built through games:
the environment captures the non-determinism of a scheduler while processes decide, in turn,
whether to change round or wait for more messages. Strategies of processes for these games,
capturing the decision of when to change rounds, are studied through a dominance relation: a
dominant strategy for a game implements the communication predicate which characterize the
corresponding message-passing model. The results of this study are dominant strategies for
classical asynchronous models and the existence, for every game, of a dominating strategy for
large classes of strategies. On the whole, those results confirm the power of this formalization
and demonstrate the characterization of asynchronous models through rounds as a worthwhile
pursuit.
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1 Introduction

1.1 Motivation
Even when restricted to message-passing, distributed computing spawns a plethora of models:
with various degrees of synchrony, with different kinds of process failures, with message loss,
with different failure detectors... Although some parameters are quantitative, such as the
number of faults, the majority are qualitative instead, for example the multiple kinds of
faults with their subtle differences. Moreover, message-passing models are usually defined by
a mix of mathematical formalism and textual description, with crucial details nested deep
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23:2 Characterizing Asynchronous Message-Passing Models Through Rounds

inside the latter. This is why these models resists unification into a theory of distributed
computing, and why results in the field are notoriously hard to organize, use and extend.

One solution to this issue requires constraining communication to proceed by round: each
process repeatedly broadcasts a message with its current round number, waits for as most
messages as possible bearing this round number, then changes round by computing both
its next state and next message. The variations between models are then captured by the
dynamic graph specifying, for each round, from which each process received a message with
this round number before the end of its round; this fits the concept of dynamic network from
Kuhn and Oshman [15]. Nonetheless, we will privilege the perspective of Charron-Bost and
Schiper Heard-Of model [5], which places itself more at the level of processes. Here, the
Heard-Of collection of an execution contains, for each round r and each process j, the set of
processes with an outgoing edge to j in the communication graph for round r. We can then
characterize a message-passing model by a predicate on Heard-Of collections.

Yet rounds don’t remove the complexities and subtleties of message-passing models; they
just shift them to the characterization of a given model by a Heard-Of predicate. This
characterization depends on how rounds can be implemented in the underlying model. In the
synchronous case, processes advance in lock-step, and every message that will ever be received
is received during its corresponding round. Hence the Heard-Of predicate characterizing a
synchronous model simply specifies which messages can be lost. In asynchronous models on
the other hand, messages can be late, and thus the distance between the round numbers of the
processes is unbounded. The combination of these uncertainties implies that asynchronous
rounds must walk a fine line between waiting for too few messages and waiting for messages
that will never arrive, with a condition for changing rounds dependent on the model.

To the best of our knowledge, there is no systematic study of end conditions for asyn-
chronous rounds and the Heard-Of predicates they implement in various message-passing
models. Because it is a crucial step in unifying distributed computing’s menagerie of models
through rounds, we also believe this topic to be of importance. This article provides the first
steps in its study.

1.2 Approach and Overview
In order to characterize asynchronous message-passing models through rounds, we study
conditions for changing rounds, so called end-of-round conditions. Our perspective is a game-
theoretic one: on one side, the environment captures the non-determinism of asynchrony,
faults, message loss and more; on the opposite side, the processes try to receive as many
messages from a round as possible before passing to the next, while not waiting forever.

We formalize this intuition through concurrent game structures: transition systems with
players and where transitions are product of moves, one for each player. We thus represent a
message-passing model as a parameterized type of concurrent game structure called a waiting
game. A valid strategy for processes in a waiting game is then an end condition that never
blocks forever.

Next, we order valid strategies by comparing them through the communication properties
they ensure, the latter expressed in the Heard-Of model of Charron-Bost and Schiper [5]. We
are especially interested in dominant strategies, that is ones implementing a communication
property that implies any communication property implemented by another valid strategy.

Our results can be separated in three parts:
First, a formalization of the asynchronous end-of-round question through waiting games.
Second, we leverage this formalization to find valid strategies and study their domination
for concrete message-passing models.
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Finally, we show general results on the existence of dominant strategies for waiting games.
In particular, we prove that there is always both a dominant carefree strategy and a
dominant reactionary strategy, that is respectively a strategy depending only on the
messages from the current round and a strategy depending on messages from past rounds.

We begin by the formalization in Section 2, while Section 3 introduces our case
study: the asynchronous message-passing model with reliable communication and at most f
permanent crashes. Section 4 then explores dominant carefree strategies, first for our case
study and then in general. We follow by studying dominant strategies beyond the carefree
case in Section 5, here again beginning with our specific case study and following with
general results. Section 6 then defines additional waiting games capturing classical system
models, as well as conjectures regarding their dominant strategy. Section 7 and Section 8
then conclude the paper with a discussion of related works and some perspectives.

Due to space constraints, we only provide sketches for some proofs; the complete versions
can be found in the appendix.

2 Formalization

2.1 Preliminaries
Our formalization uses concurrent game structures: transition systems with players and
where transitions are product of one move for each player.

I Definition 1 (Concurrent Game Structure). S = 〈k,Q,Q0,M,Moves, δ〉 is a concurrent
game structure ,

k ∈ N∗ is the number of players.

Q =
k∏

j=1
Qj is the set of global states, where Qj is the set of local states for player j. For

q ∈ Q, we note q.j the component of q in Qj , that is the local state of player j. And for
var a component of Qj and q ∈ Q, q.j.var is the value of the var component for player j
of q.
Q0 ⊆ Q is the set of initial states.

M =
k∏

j=1
Mj is the set of global moves, where Mj is the set of local moves for player j.

For m ∈M , m.j is the local move for player j.

Moves : Q 7→ P(M) =
k∏

j=1
Movesj is a function returning the global moves in a given

state, where Movesj : Q 7→ P(Mj) returns the local moves of player j in a given state.
Every state has possible moves: ∀q ∈ Q : Moves(q) 6= ∅.
δ : Q×M 7→ Q is the transition function taking a state and a global move, and returning
the resulting state. ∀q ∈ Q,∀m ∈M : δ(q,m) is only defined when m ∈Moves(q).

Such a concurrent game structure generates infinite sequences of pairs of global states
and moves called runs. These are built by taking some initial state, and playing one of the
moves returned by Moves for the current state, so called available moves.

I Definition 2 (Run of a Concurrent Game Structure). Let S = 〈k,Q,Q0,M,Moves, δ〉 a
concurrent game structure. For k ∈ (Q×M), let k.state be its first component and k.move
its second one. Then t ∈ (Q ×M)ω is a run of S , t[0].state ∈ Q0 ∧ (∀i ∈ N : t[i].move ∈
Moves(t[i].state) ∧ t[i+ 1].state = δ(t[i].state, t[i].move)).

We note runsS the set of runs of S and preRunsS the set of finite prefixes of those runs.

CVIT 2016



23:4 Characterizing Asynchronous Message-Passing Models Through Rounds

Fairness constraints are added to consider only well-behaved runs. Given a set of local
moves γ for a player j, weak fairness ensures that if the set of available moves for j in γ is
continuously non empty, then j will play an infinite number of times from γ. Strong fairness
simply weaken the precondition, from continuous availability to availability an infinite number
of times.

I Definition 3 (Fairness Constraints). Let S = 〈k,Q,Q0,M,Moves, δ〉 a concurrent game
structure, j a player of S and γ ⊆Mj a set of local moves for player j.

A run t of S is weakly (j, γ)-fair , |{i ∈ N|γ ∩Movesj(t[i].state) = ∅}| = ℵ0 ∨ |{i ∈ N |
t[i].move.j ∈ γ}| = ℵ0.
A run t of S is strongly (j, γ)-fair , (∃n ∈ N : |{i ∈ N | γ ∩Movesj(t[i].state) 6= ∅}| =
n) ∨ |{i ∈ N | t[i].move.j ∈ γ}| = ℵ0.

We only consider a single set of fairness constraints by concurrent game structure, and
thus note runsfair

S the set of runs of S satisfying its fairness constraints.

2.2 Waiting Games
We now define a parameterized concurrent game structure capturing the intuition for waiting
games.
I Remark (Intuition). As explained above, we represent the problem of when to end asyn-
chronous rounds as games between environment and processes. It is crucial to understand that
the environment does not play the role of an adversary: it just captures the non-determinism
of the model. With this caveat in mind, we can describe a waiting game as follows. The
environment leads the game, deciding when messages are delivered and when processes have
a turn. Processes choose between two moves, wait and next, but this move only matters
when it is their turn. Then wait makes them wait for more messages, while next makes
them go to the next round and send messages.

In addition, fairness constraints ensure that every process gets an infinite number of
turns, and that a message continuously in transit is eventually delivered.

I Definition 4 (Asynchronous Benign Waiting Game). Let Π a set of n processes and S = 〈k,
Q,Q0,M,Moves, δ〉 a concurrent game structure. Then S is an asynchronous benign waiting
game for Π , S satisfies the following constraints:

k = n+ 1 (n processes and the environment).
∃A,B two sets such that Q = (

∏
j∈Π

Qj)×Qenv, where:

∀j ∈ Π : Qj = Proc = N × P(N∗ × Π) × A. The first component, named round, is
the local round counter of j. The second component, named received, is the local set
of all received messages, represented by the pair of the round it was sent in and its
sender. The last component A contains additional local variables of processes.
As shorthands, we note receivedr = {(r′, i) ∈ received | r′ = r} the set of received
messages sent at round r and received≤r = {(r′, i) ∈ received | r′ ≤ r} the set of
received messages sent before round r.
Qenv = P(N∗ ×Π×Π)×B. The first component is transit, the set of messages sent
but not yet delivered (represented by a triple (round, sender, destination)). And the
second component B contains additional variables of the environment.

∃a0 ∈ A, ∃b0 ∈ B: Q0 = {q0}, with q0 = ((0, ∅, a0)n, ∅, b0) the initial state.
∀j ∈ Π : Mj = Mproc = {wait, next}.
∃MB a set : Menv = M ′env ∪MB , where M ′env = {turnj | j ∈ Π}∪{deliver(r, i, j) | i, j ∈
Π ∧ r ∈ N∗} and MB ∩ (Mproc ∪M ′env) = ∅
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∀j ∈ Π,∀q ∈ Q : Movesj(q) = {next, wait}.
∃MovesMB

: Q 7→ P(MB) :
∀q ∈ Q : Movesenv(q) = {turnj | j ∈ Π} ∪ {deliver(r, i, j) | (r, i, j) ∈ q.env.transit} ∪
MovesMB

(q)
Let pAB : Q 7→ (A)n × B is the canonical projection of Q on the local variables A and
the environment variables B.
Then ∃send : Q×Π 7→ P(Π),∃δAB : Q×Menv 7→ (A)n ×B :
∀q ∈ Q,∀m ∈Moves(q), δ(q,m) = q′, with q′ satisfying

if
∃r ∈ N∗,∃i, j ∈ Π :
m.env = deliver(r, i, j) q′ = q Except

{
q′.env.transit= q.env.transit \ {(r, i, j)}
q′.j.received = q.j.received ∪ {(r, i)}

if m.env ∈MB q′ = q Except
{
pAB(q′) = δAB(q,m.env)

if

∃j ∈ Π : m.env = turnj

∧
(
m.j = next

∨ q.j.round = 0

)
q′ = q Except


q′.j.round = q.j.round+ 1
pAB(q′) = δAB(q,m.env)

q′.env.transit=


q.env.transit ∪
{(q.j.round+ 1, j, k) |

k ∈ send(q, j)}
otherwise q′ = q

Let WFB ⊂ P(MB) a set of subsets of MB . The fair runs of S are weakly (env, {turnj})-
fair for all j ∈ Π; weakly (env, {deliver(r, i, j)})-fair for all r ∈ N∗ and i, j ∈ Π; and
weakly (env, wfB)-fair for all wfB ∈WFB .

I Remark (Interpretation). The less obvious parameters are the following:
send, the function returning the messages added to transit when a process goes to the
next round. For example, it can serve to model crashes by making crashed processes not
send messages anymore, or model message loss by not sending the lost messages.
δAB , the partial transition function for the additional variables.

2.3 End-of-round Strategies
Given a waiting game, we can define end-of-round strategies: deterministic functions choosing
a move based on the local state of a process.

I Definition 5 (End-of-round Strategy). Let S = 〈n+ 1, Q,Q0,M,Moves, δ〉 a waiting game.
Then f : Proc 7→ {wait, next} is an end-of-round strategy in S.

A waiting game and an end-of-round strategy f define a set of runs runsf . We are only
interested in runs where rounds always eventually end, called valid runs.

I Definition 6 (Runs Generated by an End-of-round Strategy). Let S = 〈n + 1, Q,Q0,M,

Moves, δ〉 a waiting game. Let f : Proc 7→ {wait, next} an end-of-round strategy in S. Then
runsf , {t ∈ runsfair

S | ∀i ∈ N,∀j ∈ Π : t[i].move.j = f(t[i].state.j)}.

IDefinition 7 (Valid Run). Let S = 〈n+1, Q,Q0,M,Moves, δ〉 a waiting game and t ∈ runsS

Then t is a valid run , ∀r ∈ N,∀j ∈ Π,∃i ∈ N : t[i].state.j.round > r.

Validity is the winning condition for processes in waiting games: never being blocked
forever in a round. An end-of-round strategy generating valid runs is a valid strategy.

I Definition 8 (Valid End-of-round Strategy). Let S = 〈n+ 1, Q,Q0,M,Moves, δ〉 a waiting
game and f : Proc 7→ M an end-of-round strategy in S. Then f is a valid end-of-round
strategy , ∀t ∈ runsf : t is a valid run.

CVIT 2016



23:6 Characterizing Asynchronous Message-Passing Models Through Rounds

We focus on subsets of strategies both easy to compute and to manipulate. The first
subset we consider is the carefree strategies, which depend only on messages from the current
round. Such strategies consider each round in complete isolation from the rest, and thus
they are equivalent to functions from P(Π) to {wait, next}.

I Definition 9 (Carefree End-of-round Strategy). Let S = 〈n + 1, Q,Q0,M,Moves, δ〉 a
waiting game and cf : Proc 7→ P(Π) the projection such that ∀p ∈ Proc : cf(p) = {k ∈
Π | (p.round, k) ∈ p.received}. Then fcf : Proc 7→ {wait, next} is a carefree end-of-round
strategy for S , fcf is an end-of-round strategy for S and ∃f ′ : P(Π) 7→ {wait, next} such
that fcf = f ′ ◦ cf .

Our second subset is the reactionary ones: strategies independent of messages from future
rounds. Because of asynchrony of rounds, a process may receive messages with a greater
round number than its current one. These messages from future rounds would provide
additional information about the survival of the sender.

I Definition 10 (Reactionary End-of-round Strategy). Let S = 〈n + 1, Q,Q0,M,Moves,

δ〉 a waiting game and reac : Proc 7→ N × P(N∗ × Π) the projection such that ∀p ∈
Proc : reac(p) = (p.round, p.received≤p.round). Then freac : Proc 7→ {wait, next} is a
reactionary end-of-round strategy for S , freac is an end-of-round strategy for S and
∃f ′ : N× P(N∗ ×Π) 7→ {wait, next} such that freac = f ′ ◦ reac.

2.4 Heard-Of Abstractions
Following Charron-Bost and Schiper [5], we introduce Heard-Of collections; we will use them
to capture the properties on rounds from valid runs.

I Definition 11 (Heard-Of Collection). Let Π a set of processes. Then ho : N∗ ×Π 7→ P(Π)
is a Heard-Of collection for Π.

For each r ∈ N∗ and j ∈ Π, ho(r, j) contains the processes from which j received, before
the end of its round r, a message with round number r. Notice that due to asynchrony, this
message might have been sent before or after j arrived at round r.

Any valid run can then be abstracted into a Heard-Of collection.

I Definition 12 (Heard-Of Collection of a Valid Run). Let S = 〈n+ 1, Q,Q0,M,Moves, δ〉 a
waiting game and t a valid run of S. Then HOt : N∗ ×Π 7→ P(Π) is the Heard-Of collection
of t , ∀r ∈ N∗, j ∈ Π : HOt(r, j) = {k ∈ Π | ∃i ∈ N :
t[i].state.j.round = r ∧ t[i+ 1].j.state.round = r + 1 ∧ (r, k) ∈ t[i].state.j.received}

If f is a valid end-of-round strategy for S, we write CHOf for the set of Heard-Of
collections of the runs generated by f : CHOf , {HOt | t ∈ runsf}.

Given that round counters never decrease in a waiting game, and ∀r ∈ N∗,∀j ∈ Π, the
round counter of j reaches r at some point in a valid run of a waiting game, we deduce that
the Heard-Of collection of such a run is well-defined and unique.

Finally, we define a partial order between valid end-of-round strategies through the
Heard-Of collections of their generated runs.

I Definition 13 (Partial Order over End-of-round Strategies). Let S = 〈n + 1, Q,Q0,M,

Moves, δ〉 a waiting game and let f : Proc 7→ {wait, next} and f ′ : Proc 7→ {wait, next}
two valid end-of-round strategies for S. Then f ′ ≺HO f , CHOf ′ ⊇ CHOf .
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The crucial detail to notice here is that we compare strategies through all the Heard-Of
collections they generate, not only a specific one against a worst-case adversary. We are
interested in the behavior of the end-of-round strategy amidst asynchrony and faults, for all
possible behaviour of the environment.

If we consider sets of Heard-Of collections as predicates, then f ′ ≺HO f means CHOf =⇒
CHOf ′ . Thus a dominant strategy for ≺HO of a given waiting game is a valid strategy
whose generated predicate on Heard-Of collection implies the predicate generated by any
other valid end-of-round strategy.

Note that there might be more than one such strategy, although these multiple dominating
strategy must generate the same Heard-Of collections by definition of domination.

3 A Case Study : At most f crashes

We introduce as a case study a waiting game capturing the asynchronous system model with
reliable communication and at most f permanent crashes. The crashes can also happen
during broadcasts, causing only a fraction of messages to be sent.

I Definition 14 (Asynchronous,reliable communication,at most f crashes). Let Π the set of n
processes. Then Sf = 〈n+ 1, Qf , Qf

0 ,M
f ,Movesf , δf 〉 is a waiting game with:

Af = {∅} and Bf = P(Π× N× P(Π)), where the new environment variable is crashed,
the set of crashed processes represented by their name, the round where they crashed and
the set of processes to which a message was sent before crashing, if the crash to model
happens during a broadcast.
Af

0 = ∅, Bf
0 = ∅.

Mf
B = {crashj(sent) | j ∈ Π, sent ∈ P(Π)}.
∀q ∈ Qf ,Movesf

MB
(q) =

{crashj(sent) | j ∈ Π ∧ sent ∈ P(Π)∧
¬(∃r ∈ N,∃s ∈ P(Π) : (j, r, s) ∈ q.env.crashed)}

}
if |q.env.crashed| < f

∅ otherwise

∀q ∈ Qf ,∀j ∈ Π,

sendf (q, j) =


Π if ∀r ∈ N,∀sent ∈ P(Π) : (j, r, sent) /∈ q.env.crashed
sent if ∃sent ∈ P(Π) : (j, q.j.round, sent) ∈ q.env.crashed
∅ otherwise

∀q ∈ Qf ,∀menv ∈Movesf
env(q), δf

AB(q,menv) =
({∅}n, q.env.crashed ∪ {(j, r, sent) | j ∈ Π ∧menv = crashj(sent) ∧ q.j.round = r}).

I Remark (Interpretation). First, it is easy to see why this particular waiting game captures
our system model: MovesMB

only allows a new crash when less than f processes have already
crashed and send forces crashed processes to not send any more messages, thus ensuring
messages are eventually delivered thanks to the fairness constraints on waiting games.

Nonetheless, a subtlety hides in our modeling: processes keep receiving messages and
going to the next round, even after they crash. Indeed, we implicitly separate each process in
two: one part, which never fails, receives messages and decides when to change rounds; the
other, which might fail, computes the next state from the Heard-Of set and sends messages.
This is necessary in order to generate well-defined Heard-Of collections.

Yet we believe this separation is not artificial, as it can be considered similarly to the
separation between a task implementing the round structure (for example at the level of the
OS), and a task using this generated round structure as an abstraction. Moreover, the part
of processes that never crashes does not interact with other processes, ensuring the desired
behavior.

CVIT 2016
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In the literature, the classical end-of-round strategy for Sf waits for n − f messages
before going to the next round.

I Definition 15 (Waiting for n − f messages). fn−f : Proc 7→ {wait, next} , ∀p ∈ Proc :

fn−f (p) =
{
next if |p.receivedp.round| ≥ n− f
wait otherwise

This formulation allows us to prove formally that the strategy is valid for Sf , as explained
in the literature.

I Lemma 16 (Validity of fn−f ). fn−f is a valid end-of-round strategy for Sf .

Proof Sketch. First, it is trivially a strategy because it is a function from Proc to {wait, next}.
Let t be a run of f . Its validity is proved by induction on rounds. By weak-fairness of

turns and definition of δ, every process gets to round 1. If all processes get to round r, then
MovesMB

ensures that at most f processes have crashed beforehand and send consequently
ensures that at least n − f processes have completed their broadcast for r. Finally, all
messages are eventually delivered by weak-fairness of deliveries. The weak-fairness of turns
then makes every process change round. J

We can furthermore characterize the Heard-Of collections generated by fn−f with a
simple Heard-Of predicate.

I Theorem 17 (Heard-Of Characterization of fn−f ). ∀ ho an Heard-Of collection over Π,
ho ∈ CHOfn−f

⇐⇒ ∀r ∈ N∗,∀j ∈ Π : |ho(r, j)| ≥ n− f .

Proof Sketch. (⇒) It follows by definition of fn−f and its validity proven in Lemma 16
(⇐) Let ho an Heard-Of collection over Π such that ∀r ∈ N,∀j ∈ Π : |ho(r, j)| ≥ n− f .

We build a run of runsfn−f
generating this Heard-Of collection with the following moves

for the environment: at each round, it delivers the messages in the Heard-Of set of this
round (none at round 0) and the messages left in transit from the previous rounds, then
plays a turn for each process. This run is valid because, from the first round on, all messages
from Heard-Of sets are delivered, each Heard-Of set from ho contains at least n− f process
and processes play according to fn−f . Thus processes always play next on their turn, after
receiving the messages from their HO set in ho. We conclude that the generated Heard-Of
collection is ho. J

Folklore knowledge tells us that fn−f is optimal, in the sense that it receives as many
messages as possible while not waiting forever. Yet it is quite easy to build valid strategies
receiving more messages: wait for n− f messages, and also wait for the message from j if a
message from a future round was already received from j. Indeed, receiving such a message
tells the process that j did not crash before the future round, and thus that its message from
the current round is in transit.

Nonetheless, fn−f is a dominating strategy for ≺HO. We prove it in the next two sections
by showing, respectively, its domination among carefree strategies, and among all strategies.
The proof techniques built to show fn−f dominance then serve to show general results about
dominating strategies.

4 Dominant Carefree Strategies

4.1 The power of Stuttering-free Reduction
We will show the dominance of fn−f . Our first step is to design a proof technique general
enough to prove many dominance results, not only the one for fn−f .
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Notice that a necessary and sufficient condition for a valid strategy to be dominating is
that every of its runs generates a Heard-Of collection that is also generated by any other valid
strategy. Because runs are an unwieldy abstraction to manipulate, we propose a sufficient
condition for a valid strategy to dominate another. When this sufficient condition holds, we
can take any run from the initial strategy, and build a run for the second strategy with the
same Heard-Of collection.

First, we prepare the construction of runs by defining a canonical form for each valid run.

I Definition 18 (Stuttering-free Reduction). Let S = 〈n + 1, Q,Q0,M,Moves, δ〉 a wait-
ing game, let t ∈ runsS a valid run, and let λ the ordered list of {i ∈ N | ∀j ∈ Π :
¬(t[i].move.env = turnj ∧ t[i].move.j = wait∧ t[i].state.j.round > 0)}. Then the stuttering-
free reduction tsf ∈ (Q×M)ω of t , ∀i ∈ N : t′[i] = t[λ[i]].

Stuttering-free reduction represents a canonical form because every redundant information
about the processes move is removed: since a process alters the state only when it plays
next on its turn, every wait played on its turn results in stuttering and can be removed. In
particular, validity and the generated Heard-Of collection are invariant under stuttering-free
reduction.

I Lemma 19 (Invariance of Validity by Stuttering-free Reduction). Let S = 〈n+ 1, Q,Q0,M,

Moves, δ〉 a waiting game and t a valid run of S. Then the stuttering-free reduction tsf is a
valid run of S and HOtsf

= HOt.

Proof. First, tsf is a run because only stuttering was removed from t, and the available
moves depend only on the current state.

For its validity and the fact that HOtsf
= HOt, they follow directly from the definition of

stuttering-free reduction: tsf keeps all the moves where a player plays next on its turn, and
thus changes of round happen in the same states as in t. Therefore every process eventually
changes round by validity of t, and the Heard-Of sets are the same as in t because the same
messages are received before changing rounds. J

We are now in position to prove our sufficient condition for one strategy to dominate
another, using stuttering-free reduction in the construction of runs.

I Lemma 20 (Next Implication Yields Domination). Let S = 〈n+ 1, Q,Q0,M,Moves, δ〉 a
waiting game, let f and f ′ two valid strategies for S. Then (∀p ∈ Proc : f(p) = next =⇒
f ′(p) = next) =⇒ f ′ ≺HO f .

Proof Sketch. We prove the lemma by producing, for any run t generated by f , a run t′
generated by f ′ with the same Heard-Of collection by replacing every process move in the
stuttering-free reduction tsf of t with the move returned by f ′. When it is not a process
turn, then the transition function δ is independent of its move, and thus the change has
no effect. When it is the turn of a process, f returns next by definition of tsf , and thus f ′
returns next too by hypothesis.

Therefore, t′ is indeed a run of f ′, with the same states as tsf , and thus HOt′ = HOtsf
.

We conclude by Lemma 19 that HOt′ = HOtsf
= HOt. J

4.2 fn−f Dominates Carefree Strategies
We now prove the folklore right, by showing that fn−f is dominating for carefree strategies.

I Theorem 21 (Waiting n-f Messages Dominates Carefree). fn−f is a dominating strategy
for carefree ones in Sf .
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Proof Sketch. Proving that ∀f a valid carefree strategy of Sf ,∀p ∈ Proc : fn−f (p) =
next =⇒ f(p) = next, will yield the theorem by Lemma 20. This is done by contradic-
tion: assume there is f a valid carefree end-of-round strategy for Sf and p ∈ Proc such
that fn−f (p) = next ∧ f(p) = wait. Let Πp the set of processes that sent a message in
p.receivedp.round. Since fn−f (p) = next, we know that Πp contains at least n− f processes.

We can thus build an invalid run of f by crashing every process in Π \Πp initially (at
round 0), then alternating between the delivery of every message in transit and a turn for
each process. Thus every process ends up at round 1 in the same carefree state as p, and by
hypothesis f returns wait for such a state. Therefore, no process ever reaches round 2 in
this run. f is thus not valid, which yields the sought contradiction. J

4.3 Existence of a Dominating Carefree Strategy
We know by Theorem 21 that Sf has a dominating carefree strategy. It turns out not to be
specific to this waiting game: every one has a dominating carefree strategy. This strategy is
the one playing next iff all valid carefree strategies for the waiting game do.

We build this strategy through an operation called the conjunction of strategies.

I Definition 22 (Conjunction of Strategies). Let S = 〈n+ 1, Q,Q0,M,Moves, δ〉 a waiting
game and let f : Proc 7→ {wait, next} and f ′ : Proc 7→ {wait, next} two end-of-round
strategies for S. Then f ∧ f ′ : Proc 7→ {wait, next} ,

∀p ∈ Proc, f ∧ f ′(p) =
{
next if f(p) = next ∧ f ′(p) = next

wait otherwise
For F a finite set of end-of-round strategies for S, ∧F is simply the strategy playing next

iff every strategy from F do so.

Conjunction allows us to produce, from any two valid carefree strategies, another valid
carefree strategy dominating them.

I Lemma 23 (Domination of Carefree Conjunction). Let S = 〈n + 1, Q,Q0,M,Moves, δ〉
a waiting game and let f : Proc 7→ {wait, next} and f ′ : Proc 7→ {wait, next} two valid
carefree strategies for S. Then f ∧ f ′ is a valid carefree strategy for S, f ≺HO (f ∧ f ′) and
f ′ ≺HO (f ∧ f ′).

Proof Sketch. Carefreeness is obvious. Domination over f and f ′ follows from Lemma 20,
assuming f ∧ f ′ is valid.

If it is invalid, there is a run with a minimal round r such that some process j is blocked
forever at this round. Because r is minimal, every process gets to round r. And because
messages from this round are only sent when going from round r− 1 to r, there is eventually
no more message in transit from round r for j. Thus the carefree projection (cf in Def. 9) of
the local state of j becomes stable. Moreover the corresponding global state is also accessible
with any one of f or f ′, by taking the stuttering reduction of the prefix leading to this state.
As f and f ′ are valid and the carefree projection of j is stable, they must play next at this
state, contradicting that j is blocked forever at round r. J

We now leverage the previous lemma to show the existence of a dominating carefree
strategy for every waiting game.

I Theorem 24 (Always a Dominating Carefree Strategy). Let S = 〈n+ 1, Q,Q0,M,Moves,

δ〉 a waiting game and let fcfDom the carefree strategy for S such that
fcfDom , ∧{f a valid carefree strategy for S}. Then fcfDom is a dominating carefree strategy.
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Proof. Because there are only finitely many carefree states, there are only finitely many
carefree strategies, and thus fcfDom is well-defined. By Lemma 23, fcfDom is valid and
dominates every valid carefree strategy for S. It is therefore a dominating carefree strategy.

J

5 Beyond Carefree Strategies

5.1 fn−f Dominates All Strategies
We already know that fn−f is a dominant carefree strategy; we now want to prove it
dominates every valid strategy for Sf . It is actually simpler to prove that another strategy
of Sf is dominating, then to prove its equivalence with fn−f according to ≺HO.

I Definition 25 (Past Completion). fpc : Proc 7→ {wait, next} , ∀p ∈ Proc : fpc(p) = next if

{
fn−f (p) = next

∧ ∀r ≤ p.round,∀j ∈ Π : (r, j) ∈ p.received =⇒ ∀r′ ≤ r : (r′, j) ∈ p.received
wait otherwise

Past completion is a reactionary strategy leveraging, in addition to the upper bound f
on the number of crashes, the permanent property of crashes. Thus if a message from k sent
at round r was received by j, it means that all messages of k for previous rounds were sent,
and thus j can wait for them.

I Lemma 26 (Validity of fpc). fpc is a valid end-of-round strategy for Sf .

Proof Sketch. First, it is trivially a strategy because it is a function from Proc to {wait, next}.
Let t be a run of fpc. Its validity is proved by induction on rounds. By weak-fairness

of turns and definition of the transition function δ, every process gets to round 1. If all
processes get to round r, then we know that all processes eventually receive at least n− f
messages from this round by validity of fn−f . As for completing the past, δAB ensures that
crashes are permanent and send ensures that only crashed processes do not complete their
broadcast. Thus if (r′, i, j) is received by j for r′ < r, then ∀r′′ < r′, (r′′, i, j) was sent and
thus will be delivered by weak-fairness of deliveries. The weak-fairness of turns then makes
every process change round. J

A crucial result is that although fpc waits for more messages than fn−f , it generates the
same Heard-Of collections.

I Theorem 27 (Heard-Of Characterization of fpc). ∀ ho an Heard-Of collection over Π,
ho ∈ CHOfpc ⇐⇒ ∀r ∈ N∗,∀j ∈ Π : |ho(r, j)| ≥ n− f .

Proof Sketch. (⇒) Follows immediately by definition of fpc and its validity.
(⇐) Let ho a Heard-Of collection such that ∀r ∈ N∗,∀j ∈ Π : |ho(r, j)| ≥ n− f . We then

build a run t generated by fpc such that HOt = ho. Our run is similar to the one from the
proof of Theorem 17: process j receives at round r the messages from processes in ho(r, j),
as well as all messages from previous rounds still in transit. Then every process gets a turn.
By definition of ho, fpc then returns next for all processes.

Since all fairness conditions are satisfied and processes are never blocked, t is a valid run
generated by fpc. We conclude that ho ∈ CHOfpc

, because HOt = ho. J

We will now use fpc to prove that any Heard-Of collection from CHOfn−f
is generated

by every valid strategy for Sf . This requires to prove that in the absence of messages from
future rounds, every valid strategy must play next if fpc does.
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I Lemma 28 (Without future, fpc forces next). ∀f a valid strategy for Sf ,∀p ∈ Proc :
(p.received = p.received≤p.round ∧ fpc(p) = next) =⇒ f(p) = next.

Proof Sketch. We proceed by contradiction: assume there is a valid strategy f and p ∈ Proc
such that p.received = p.received≤p.round, fpc(p) = next and f(p) = wait.

We build an invalid run t of f , where processes move in lock-step. First, at every round
r < p.round, processes whose last message in p.received is from round r crash. This is
possible because |p.receivedp.round| ≥ n− f by hypothesis, and thus there are less than f
processes whose last message is received in a round < p.round. After the crashes, every
message in transit is delivered, and then every process gets a turn. Since there is no message
in transit, f is valid and every process shares the same state, every process changes round.

At round p.round, every message is delivered, then a turn is played for every process. At
this point, every process is in state p. Thus f will always return wait, by hypothesis. This
makes t invalid, and contradicts the validity of f . J

Finally, we prove the dominance of fn−f by leveraging Lemma 28.

I Theorem 29 (fn−f is dominating). fn−f is dominating for Sf .

Proof. Let f a valid strategy; we need to prove that f ≺HO fn−f , that is CHOf ⊇ CHOfn−f
.

Let ho ∈ CHOfn−f
. We build a run t generated by f such that HOt = ho. A perfect

candidate is the run t generated by f , similar to the run in the proof of Theorem 27. In
t, processes advance in lock-step fashion: process j receives at round r the messages from
processes in ho(r, j), as well as all messages from previous rounds still in transit. Then every
process gets a turn. Because every Heard-Of set in ho contains at least n − f messages
and because all messages from past rounds are delivered before the turn moves, fpc returns
next. Since there are no received messages from future rounds, Lemma 28 then yields that
f returns next too. The processes thus advance in lock-step fashion, every played move
is available, every sent message is eventually delivered and every process gets an infinite
number of turns. Hence t is fair and valid.

Since each process j goes to round r + 1 after receiving the messages from round r sent
by processes in ho(r, j), we have HOt = ho. We conclude that ho ∈ CHOf . J

5.2 Existence of a Dominating Reactionary Strategy
Here again, the existence of a dominating reactionary strategy is not specific to Sf : every
waiting game has one. Because there is an infinite number of reactionary strategies, we
cannot simply take their conjunction like we did for carefree strategies. Instead, we will
define our dominating reactionary strategy by parts, each one a conjunction of finitely many
reactionary strategies. These are the reactionary strategies up to a round r.

I Definition 30 (Reactionary Strategy Up to a Round). Let S = 〈n+ 1, Q,Q0,M,Moves, δ〉 a
waiting game, let r ∈ N∗ a round and f a reactionary strategy of S. Then f is a reactionary
strategy up to round r , ∀p ∈ Proc : p.round > r =⇒ f(p) = next.

For f ′ any reactionary strategy of S, uptor(f ′) is the reactionary strategy up to r such
that ∀p ∈ Proc : p.round ≤ r =⇒ uptor(f ′)(p) = f ′(p).

Given a round number r, there is a finite number of reactionary strategies up to r. We ex-
tend Lemma 23 to conjunctions of reactionary strategies, which allows to define a dominating
reactionary strategy analogously to the dominating carefree strategy of Theorem 24.
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I Lemma 31 (Domination of Reactionary Conjunction). Let S = 〈n + 1, Q,Q0,M,Moves,

δ〉 a waiting game and let f : Proc 7→ {wait, next} and f ′ : Proc 7→ {wait, next} two valid
reactionary strategies for S. Then f ∧ f ′ is a valid reactionary strategy for S, f ≺HO (f ∧ f ′)
and f ′ ≺HO (f ∧ f ′).

Proof Sketch. The proof is the same that the proof of Lemma 23, with the difference that
the global state stable for reactionary strategies is the one where no message for j from all
previous round is in transit. J

I Theorem 32 (Existence of a Dominating Reactionary Strategy). Let S = 〈n+ 1, Q,Q0,M,

Moves, δ〉 a waiting game. Then there exists a dominating reactionary strategy for S.

Proof. We define f by ∀p ∈ Proc : f(p) = next ⇐⇒ ∧{f ′ a valid reactionary strategy up
to round p.round}(p) = next. As there are a finite number of reactionary strategies up to a
given round, ∀p ∈ Proc : f(p) is well-defined, and thus f is well-defined. We now show that
f is valid and dominating for reactionary strategies.

First assume that f is not valid. Thus there is a run t of f and a smallest round number
r such that a process is eventually blocked forever at round r. Thus uptor(f) is not valid,
because it emulates the behavior of f until the round where j is blocked in t, and because as
a reactionary strategy, its output is independent of possible messages sent after round r to j.
However uptor(f) is the conjunction of all valid reactionary strategies up to round r, and
thus of a finite number of valid strategies. By Lemma 31, fr is valid. Contradiction.

We now show that ∀f ′ a valid reactionary strategy of S, ∀p ∈ Proc : f(p) = next =⇒
f ′(p) = next. This then yields the dominance by Lemma 20. Let f ′ a reactionary strategy
and p ∈ Proc such that f(p) = next. Then uptop.round(f ′) must also play next for p, because
it appears in the conjunction defining what f plays for p. And thus f ′(p) = next. We
conclude by Lemma 20 that f dominates reactionary strategies. J

6 Other Waiting Games

Waiting games would be pretty useless if they only allowed us to capture one model. Thank-
fully, it is not the case. In this section, we rapidly present a few waiting games capturing
classical message-passing models, as well as our conjectures concerning their dominating
strategies. Due to space constraints, the waiting games are only sketched. Full definitions
can be found in the appendix.

6.1 At Most f Initial Crashes
A very easy tweak to Sf is to make crashes initial; let us call this waiting game Sini. At first
glance, this is so close to Sf that we would expect fn−f to dominates Sini. But crashes being
only initial matters tremendously, because every process from which at least one message is
received will never crash, and can thus always be waited for.

The following reactionary strategy captures this additional knowledge.

I Definition 33 (All Or Nothing). fAON : Proc 7→ {wait, next} , ∀p ∈ Proc : fpc(p) =
next if


|p.receivedp.round| ≥ n− f

∧ ∀j ∈ Π,∃r ≤ p.round :
(r, j) ∈ p.received =⇒ ∀r′ ≤ p.round : (r′, j) ∈ p.received

wait otherwise

We conjecture this strategy is dominating for Sini.
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I Conjecture 34 (Sini Domination).
fnf

is valid for Sini.
fAON 6≺HO fn−f .
fAON is a dominating strategy for Sini.

6.2 At Most l message losses by round
We can also replace crash by message loss, with at most l lost messages by round. The
losses are represented by an environment variable containing the lost messages, moves for
the environment to lose a message, and a constraint on MovesMB

limiting the number of
loss per round to l. Let us call this waiting game Sl.

Here, we conjecture that fn−l is also dominating, while fpc is not valid anymore.

I Conjecture 35 (fn−l is Dominating). fn−l is a dominating strategy for Sl.

6.3 With Failure Detectors
The waiting game SP captures a model where every process might crash (as in Sf ), and
every process is also equipped with a perfect failure detector. There is thus an additional
variable suspected in the process local state, as well as moves for suspecting a process and
fairness conditions on each of these moves.

The folklore strategy for this system model is to wait for message from every unsuspected
process.

I Definition 36 (Waiting for Unsuspected Processes). f¬susp : Proc 7→ {wait, next} , ∀p ∈

Proc : f¬susp(p) =
{
next if {k ∈ Π | (p.round, k) ∈ p.received} ∪ p.suspected = Π
wait otherwise

We conjecture it is indeed a dominating strategy for SP .

I Conjecture 37 (f¬susp is Dominating). f¬susp is a dominating strategy for SP .

7 Related Works

Rounds Everywhere Rounds in message-passing algorithms date at least back to their
use by Arjomandi et al. [2] as a synchronous abstraction of time complexity. Since then,
they are omnipresent in the literature. First, the number of rounds taken by a distributed
computation is one of the main measures of its complexity. Such round complexity was
even developed into a full-fledged analogous of classical complexity theory by Fraigniaud et
al. [8]. Rounds also serves as stable intervals in the dynamic network model championed
by Kuhn and Osham [15]: each round corresponds to a fixed communication graph, the
dynamicity following from possible changes in the graph from round to round. Finally, many
fault-tolerant algorithms are structured in rounds, both synchronous [7] and asynchronous
ones [4].

Although we only study message-passing models in this article, one cannot make justice
to the place of rounds in distributed computing without mentioning its even more domi-
neering place in shared-memory models. A classic example is the structure of executions
underlying the algebraic topology approach pioneered by Herlihy and Shavit [13], Saks and
Zaharoglou [17], and Borowsky and Gafni [3].
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Abstracting the Round Gafni [9] was the first to attempt the unification of all versions
of rounds. He introduced the Round-by-Round Fault Detector abstraction, a distributed
module analogous to a failure detector which outputs a set of suspected processes. In a
system using RRFD, the end condition of rounds is the reception of a message from every
process not suspected by the local RRFD module; communication properties are then defined
as predicates on the output of RRFDs. Unfortunately, this approach does not suit our needs:
RRFDs do not ensure termination of rounds, while we require it.

Next, Charron-Bost and Schiper [5] took a dual approach to Gafni’s with the Heard-Of
Model. Instead of specifying communication by predicates on a set of suspected processes,
they used Heard-Of predicates: predicates on a collection of Heard-Of sets, one for each
round r and each process j, containing every process from which j received the message sent
in round r before the end of this same round. This conceptual shift brings two advantages :
a purely abstract characterization of message-passing models and the assumption of infinitely
many rounds, thus of round termination.

But determining which model implements a given Heard-Of predicate is an open question.
As mentioned in Marić [16], the only known works addressing it, one by Hutle and Schiper [14]
and the other by Drăgoi et al. [6], both limit themselves to very specific predicates and
partially synchronous system models.

Game Semantics in Distributed Computing Games appear here merely to formalize the
notion of an end-of-round condition. But a much deeper connection between game theory
and distributed computing was developed in the last decade, starting with Halpern and
Teague treatment of secret sharing [10]. It goes in both directions: game theory is extended
with concepts from distributed computing, such as byzantine failures or asynchrony. On the
other hand, game theory also introduces new problems or approaches to classical distributed
questions such as consensus. Notable examples are the extended Nash equilibrium adapted to
distributed computing of Halpern [11] for the first direction, and the rational consensus from
Halpern and Vilaça [12], as well as the rational leader election algorithms from Abraham et
al. [1], for the second.

8 Conclusion and Perspectives

Waiting games provide a powerful formalization of how asynchronous rounds are generated.
The order ≺HO is also appropriate for comparing valid strategies in waiting games: our case
study provided proof techniques as well as a proof of dominance, and we also showed the
existence of dominating carefree and reactionary strategies for every waiting game.

Yet this constitutes merely the first steps in the territory of asynchronous rounds, and
many more are necessary before a deep understanding of the question emerges. Among
other things, it is necessary to extend the results presented here, by settling the existence
of a dominating strategy for waiting games. Mechanizing the analysis and the synthesis
of strategies might also yields interesting results concerning decidability and tractability.
Finally, waiting games should be extended to the partially synchronous case, because these
models represent the best tradeoff between guarantees and implementability.
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A Proofs for Section 3

A.1 Proof of Lemma 16
I Lemma 16 (Validity of fn−f ). fn−f is a valid end-of-round strategy for Sf .

Proof. First, it is trivially a strategy because it is a function from Proc to {wait, next}.
Let t a run of fn−f . We prove by induction on rounds that ∀r ∈ N,∀j ∈ Π,∃i ∈ N :

t[i].state.j.round > r.

Base Case: r = 0. By weak-fairness of turns, every process gets one turn in t. By
definition of δ, every process change rounds on in its turn at round 0. Thus every process
arrives at round 1 in t.
Inductive Step: Let ∀r′ < r,∀j ∈ Π,∃i ∈ N : t[i].state.j.round > r′. Every process
goes to round r at some point in t; we now show they also go to round r + 1. The
definition of MovesMB

ensures that no more than f crashed beforehand. Thus send
ensures that at least n− f processes complete their broadcasts for round r. Since sent
messages are only removed from the network by a delivery, which are weakly fair, we
conclude that each process eventually receives at least n− f messages from round r in t.
By weak-fairness of turns, every process gets a turn after receiving those messages and
plays next by definition of fn−f . We conclude they all reach round r + 1.

J

A.2 Proof of Theorem 17
I Theorem 17 (Heard-Of Characterization of fn−f ). ∀ ho an Heard-Of collection over Π,
ho ∈ CHOfn−f

⇐⇒ ∀r ∈ N∗,∀j ∈ Π : |ho(r, j)| ≥ n− f .

Proof. (⇒) It follows from the definition of the Heard-Of collection of a valid run: the sets
of messages received when the process plays next on its turn. Since fn−f only returns next
when at least n− f messages from the current round are received, the generated Heard-Of
collections must have Heard-Of sets with at least n− f elements.

(⇐) Let ho an Heard-Of collection over Π such that ∀r ∈ N,∀j ∈ Π : |ho(r, j)| ≥ n− f .
We build a run of fn−f generating this Heard-Of collection. Let us take a total order on
Π, which exists by finiteness. rank(j) is the position of j in this order. This also gives us a
total order on messages, the lexicographic one.

Our run is built by advancing all processes in simulated lock-step, delivering at each
round both the messages from the Heard-Of sets of this round and the messages from the
previous round that were not in the corresponding Heard-Of sets. Then, since the Heard-Of
sets of ho contains at least n− f elements, fn−f will return next and we only need to play
one turn move per process to pass them all to the next round.

In order to build our run, we will first compute how many moves the environment plays
to simulate a lock-step round. First, the number delr of deliveries during round r can be
computed from ho by del1 =

∑
j∈Π
|ho(1, j)|, and ∀r > 1 : delr = (

∑
j∈Π
|ho(r, j)|) + (n− delr−1).

As explained above, the number of turn move necessary to pass every process to the next
round is always n. Thus the indices where our simulated lock-step rounds begin are given by
index0 = 0, index1 = n and ∀r > 1 : indexr = indexr−1 + delr−1 + n.

Now it is time to specify our run t. Since each process plays according to fn−f and the
initial state is unique for runs, we only need to give the moves of the environment. We thus
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have: ∀i ∈ N, with r ∈ N such that i ∈ [indexr, indexr+1 − 1] : t[i].move.env ,
deliver(m) if


i ∈ [indexr, indexr + delr − 1]

∧ m = min
{ (r′, k, j) ∈ t[i].state.env.transit |
r′ < r ∨ (r′ = r ∧ k ∈ ho(r, j))}

turnj if

{
i ∈ [indexr + delr, indexr+1 − 1]

∧ rank(j)− 1 = i− (indexr + delr) mod n
First, we prove by induction on prefixes the following properties:
Every move played by the environment is available.
fn−f always returns next on a process turn, after round 0.

Base case: t[0].move.env = turnj , where j ∈ Π such that rank(j) = 1. A turn move is
always available, and j is at round 0, so both parts of our result holds.
Inductive step: let i > 0 such that ∀i′ < i, the prefix of t of size i′ contains only available
moves, and the moves of the processes are always next on their turn after round 0. Let
r ∈ N such that i ∈ [indexr, indexr+1 − 1].

If i < indexr + delr, then the move is a delivery. Its availability is then equivalent to
the existence of a message in transit from a Heard-Of set of the current round or from
the previous round.
By induction hypothesis, all previous turns after round 0 resulted in playing next,
which means that all messages for all rounds up to r were sent. Thus the messages
in transit are those not previously delivered, that is the messages from r − 1 not in
the corresponding Heard-Of sets and the messages from r. Since there is delr such
messages, there is still indexr + delr − i to deliver in t[i].state. By hypothesis on
the value of i, we conclude that indexr + delr − i > 0, and thus the move of the
environment is well-defined and available.
Also, the second condition is vacuously satisfied because the move is not a turn.
If i ≥ indexr + delr, then the move is a turn. It is well defined and available because
i− (indexr + delr) + 1 ∈ [1, n], and thus there is always a unique process j ∈ Π with
the corresponding rank.
Moreover, we have by induction hypothesis on the prefix of size i− 1, every process
changed round at each turn. Thus all processes are in a round ≥ r and (

r∑
r′=1

delr′)

messages were delivered. This amounts to all the messages from rounds < r and
∀k ∈ ho(r, j), the messages (r, k, j). Since by hypothesis every Heard-Of set of ho
contains at least n− f processes, we conclude that |t[i].state.j.receivedr| ≥ n− f and
thus fn−f (t[i].state.j) = next.

We conclude that t is a run of Sf .
As for fairness, turn moves are played an infinite number of times in t, and each message

is delivered either in its round or in the following one. Thus t is a fair run, and therefore a
run of f .

Finally, t is valid because it is fair for turn and processes always play next on their turn.
Since at each round, the processes change round after having received their Heard-Of set
from ho, we conclude that HOt = ho and thus that ho ∈ CHOfn−f

. J

B Proofs for Section 4

B.1 Proof of Lemma 20
I Lemma 20 (Next Implication Yields Domination). Let S = 〈n+ 1, Q,Q0,M,Moves, δ〉 a
waiting game, let f and f ′ two valid strategies for S. Then (∀p ∈ Proc : f(p) = next =⇒
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f ′(p) = next) =⇒ f ′ ≺HO f .

Proof. Let f and f ′ two valid strategies for S, t ∈ runsf , and let tsf its stutter-free reduction.
Then let t′ ∈ (Q×M)ω defined by

∀i ∈ N :


t′[i].state = tsf [i].state
t′[i].move.env = tsf [i].move.env

∀j ∈ Π : t′[i].move.j = f ′(tsf [i].state.j)
Is t′ a run generated by f ′? Every played global move is available, since the environment

plays the same moves as in tsf and all local moves of processes are always available. This
leave us to check whether ∀i ∈ N : t′[i+ 1].state = δ(t′[i].state, t′[i].move).

First ∀i ∈ N : t′[i+ 1].state = tsf [i+ 1].state by definition of t′
= δ(tsf [i].state, tsf [i].move) because tsf is a run
= δ(t′[i].state, tsf [i].move) by definition of t′

This leave only the question of whether the potential differences between tsf [i].moves
and t′[i].moves change the return of δ. We can distinguish two cases.

∀j ∈ Π : t′[i].move.env 6= turnj . Since t′[i].move.env is not a turn, δ(t′[i].state, t′[i].move)
is independent of the local moves played by processes by definition of the transition
function δ. We conclude that δ(t′[i].state, t′[i].move) = δ(t′[i].state, tsf [i].move) be-
cause t′[i].move.env = tsf [i].move.env by definition of t′. Therefore, t′[i + 1].state =
δ(t′[i].state, t′[i].move).
∃j ∈ Π : t′[i].move.env = turnj . Since t′[i].move.env is a turn, δ(t′[i].state, t′[i].move)
depends only on whether or not j change rounds. If t′[i].state.j.round = 0, it is indepen-
dent of the move of j, and we go back to the previous case. If t′[i].state.j.round > 0, we

have

tsf [i].move.j = f(tsf [i].state.j) because tsf is a run
= next because tsf is a stuttering-free reduction
= f ′(tsf [i].state.j) by the lemma hypothesis
= t′[i].move.j by definition of t′

We conclude that δ(t′[i].state, t′[i].move) = δ(t′[i].state, tsf [i].move), and thus
t′[i+ 1].state = δ(t′[i].state, t′[i].move).

Thus t′ is a run of f ′, and it has the same states as tsf . It is thus also valid, with
HOt′ = HOtsf

. Lemma 19 then yields HOt′ = HOt. Since this holds for all t ∈ runsf , we
conclude that CHOf ⊆ CHO′f . J

B.2 Proof of Theorem 21
I Theorem 21 (Waiting n-f Messages Dominates Carefree). fn−f is a dominating strategy
for carefree ones in Sf .

Proof. We prove by contradiction that ∀f a valid carefree strategy of Sf ,∀p ∈ Proc :
fn−f (p) = next =⇒ f(p) = next. Then Lemma 20 will yield the theorem.

Assume there is f a valid carefree end-of-round strategy for Sf and some p ∈ Proc such
that fn−f (p) = next ∧ f(p) = wait. We now show that f is invalid by exhibiting an invalid
run it generates.

Let Πp the set of processes that sent a message in p.receivedp.round. Since fn−f (p) = next,
we know that Πp contains at least n− f processes. Let us also take a total order on Π, which
exists by finiteness. We write rank(j) for the position of j ∈ Π in this order. This also gives
us a total order on messages, the lexicographic one.

Our run t is built by crashing all processes in the complement of Πp, then moving every
process to round 1, delivering every message in transit and then iterating over turns. At this
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point, every process will be in a local state with the same received messages from the current
round as p, resulting in a global deadlock.

To ease notation, we compute beforehand the number of moves played by the environment
before iterating forever on turns. First, let cr = |Π \ Πp| the number of processes we will
crash, and del = n(n− cr) the number of messages to deliver, that is all message sent during
the first round by the processes in Πq.

Now it is time to specify our run t. Since each process plays according to f and the initial
state is unique for runs, we only need to give the moves of the environment. We then have:
∀i ∈ N : t[i].move.env ,

crashj(∅) if

{
i ∈ [0, cr − 1]

∧ rank(j) = i+ 1

turnj if

{
i ∈ [cr, cr + n− 1]

∧ rank(j) = i− cr + 1

deliver(m) if

{
i ∈ [cr + n, cr + n+ del − 1]

∧ m = min t[i].state.env.transit

turnj if

{
i ≥ cr + n+ del

∧ rank(j)− 1 = i− cr + n+ del mod n
First, t is a run because every move played by the environment is available:
The initial crashes are available because |Π \Πp| ≤ f .
Turns are always available.
Concerning the del deliveries of messages from round 1, they are all available because
all processes change round in their first turn in round 0, and all non-crashed processes
broadcast their messages. This amounts to del messages, exactly the number that we
deliver.

Second, notice that from its second turn on, every process will have a local state with the
same received messages from the current round as p. Thus the carefreeness of f implies that
it plays the same move for this local state as for p, that is wait by hypothesis. Thus no
process ever reaches round 2 in this run.

This entails that t is fair, because it contains an infinite number of turns for each process
and all messages sent are from the round 1, hence they are all delivered. Moreover, because
every process is blocked forever at round 1 in t, this run is invalid. It is therefore an invalid
run of f . We conclude that f is invalid, contradicting the hypothesis. J

B.3 Proof of Lemma 23
I Lemma 23 (Domination of Carefree Conjunction). Let S = 〈n + 1, Q,Q0,M,Moves, δ〉
a waiting game and let f : Proc 7→ {wait, next} and f ′ : Proc 7→ {wait, next} two valid
carefree strategies for S. Then f ∧ f ′ is a valid carefree strategy for S, f ≺HO (f ∧ f ′) and
f ′ ≺HO (f ∧ f ′).

Proof. By definition of the conjunction and carefreeness of f and f ′, f ∧ f ′ is a carefree
strategy. If it is valid, its domination over f and f ′ follows from applying Lemma 20 to f
and f ′ separately. We now prove the validity of f ∧ f ′ by contradiction.

Assume there is t an invalid run of f ∧ f ′ and r a minimal round such that some process
j is eventually blocked forever at round r in t. By minimality of r, ∃afterr ∈ N : ∀k ∈ Π :
t[afterr].state.k.round ≥ r. Because messages from round r are only sent when going to
round r + 1, no such message is sent after index afterr. We thus deduce by weak-fairness of
deliveries that these messages are all eventually delivered; thus there is an index block ∈ N
such that ∀k ∈ Π : t[block].state.k.round ≥ r ∧ ∀k ∈ Π : (r, k, j) /∈ t[block].state.env.transit.
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From this point on, the carefree state of j never changes in t. The invalidity of t then
yields that f ∧ f ′ returns wait for this carefree state, and thus so does at least one of f and
f ′. Let it be f , without loss of generality.

Let tblock
sf the stuttering-free reduction of t[0..block], and let blocksf = length(tblock

sf ).
We now build a run t′ of f by taking tblock

sf as a prefix of size blocksf , replacing every local
move in this prefix by the one returned by f , and then extending this prefix by alternatively
delivering all messages in transit and playing a turn for each process.

∀i < blocksf ∈ N :


t′[i].state = tblock

sf [i].state
t′[i].move.env = tblock

sf [i].move.env
∀k ∈ Π : t′[i].move.k = f(tblock

sf [i].state.k)
For the extension, we only specify the move of the environment. ∀i ∈ N ≥ blocksf :
t′[i].move.env ,

turnk if

{
(rank(k) = 1 ∧ t′[i].state.env.transit = ∅)

∨ (∃k′ ∈ Π : rank(k) = rank(k′) + 1 ∧ t′[i− 1].move.env = turnk′)

deliver(m) if


t′[i].state.env.transit 6= ∅)

∧
(

∃k ∈ Π : rank(k) = n ∧ t′[i− 1].move.env = turnk

∨ ∃m ∈ N∗ ×Π×Π : t′[i− 1].move.env = deliver(m)

)
∧ m = min t′[i].state.env.transit

The prefix of t′ corresponding to tblock
sf contains only available environment moves since

tsf is a run, and our extension only contains available moves too. Because t′[0].state =
tblocks
sf .state = q0, showing that t′ is a run of S reduces to checking whether ∀i ∈ N :
t′[i+ 1].state = δ(t′[i].state, t′[i].move). Because the extension is specified only by the move
of the environment, this is vacuously satisfied after blocksf . We thus only focus on proving it
for i < blocksf .

t′[i+ 1].state = tblock
sf [i+ 1].state by definition of t′

= δ(tblock
sf [i].state, tblock

s f [i].move) because tblock
sf is a run

= δ(t′[i].state, tblock
sf [i].move) by definition of t′

This leave only the question of whether the potential differences between tsf [i].moves
and t′[i].moves change the return of δ. We can distinguish two cases.

∀j ∈ Π : t′[i].move.env 6= turnj . Since t′[i].move.env is not a turn, δ(t′[i].state, t′[i].move)
is independent of the local moves played by processes by definition of δ. Because
t′[i].move.env = tblock

sf [i].move.env by definition of t′, we conclude that δ(t′[i].state, t′[i].move) =
δ(t′[i].state, tblock

sf [i].move), and thus t′[i+ 1].state = δ(t′[i].state, t′[i].move).
∃j ∈ Π : t′[i].move.env = turnj . Since t′[i].move.env is a turn, δ(t′[i].state, t′[i].move) de-
pends only on whether or not j change rounds. If t′[i].state.j.round = 0, it is independent
of the move of j, and we go back to the previous case. If t′[i].state.j.round > 0, we have
tblock
sf [i].move.j = (f ∧ f ′)(tblock

sf [i].state.j) because tblock
sf is a run

= next because tblock
sf is a stuttering-free reduction

= f(tblock
sf [i].state.j) by definition of conjunction

= t′[i].move.j by definition of t′

We conclude that δ(t′[i].state, t′[i].move) = δ(t′[i].state, tblock
sf [i].move), and thus

t′[i+ 1].state = δ(t′[i].state, t′[i].move).
Thus t′ is a run of S. In addition, since we regularly purge the network in the extension and
plays an infinite number of turns for each process, this is a fair run. Finally, the definition of
t′ yields that t′[blocksf ].state = t[block].state. We showed earlier that in this state, there is
no message from round r to j left in transit, and every process is at a round greater or equal
to r. Thus the carefree state of j never changes until f plays next on j turn. But we also

CVIT 2016



23:22 Characterizing Asynchronous Message-Passing Models Through Rounds

showed that f plays wait for this carefree state. This yields that t′ is an invalid run of f ,
contradicting the validity of f . J

C Proof for Section 5

C.1 Proof of Lemma 26
I Lemma 26 (Validity of fpc). fpc is a valid end-of-round strategy for Sf .

Proof. First, it is trivially a strategy because it is a function from Proc to {wait, next}.
Let t a run of fpc. We prove by induction on rounds that ∀r ∈ N,∀j ∈ Π,∃i ∈ N :

t[i].state.j.round > r.

Base Case: r = 0. Then by weak-fairness of turns, every process gets a turn in t. And
by definition of δ when it is the turn of a process at round 0, every process changes
rounds, thus arriving at round 1.
Inductive Step: Let ∀r′ < r,∀j ∈ Π,∃i ∈ N : t[i].state.j.round > r′. Every process
goes to round r at some point in t; we show that it also goes to round r + 1. Because
there are finitely many carefree states and because fn−f is valid, it eventually plays
next until the round changes. As for the past completion, δAB ensures that crashes are
permanent and send forces non-crashed processes to complete their broadcast. Thus
∀r′ < r,∀i, j ∈ Π : if (r′, i, j) was received by j, then ∀r′′ < r′, (r′′, i, j) is either in transit
or received by j.
Since sent messages are only removed from the network by a delivery, which are weakly
fair, we conclude that each process eventually receives all messages necessary to complete
its past at round r.
By weak-fairness of turns, every process gets a turn after receiving those messages and
plays next by definition of fpc. We conclude that all processes go to round r + 1.

J

C.2 Proof of Theorem 27
I Theorem 27 (Heard-Of Characterization of fpc). ∀ ho an Heard-Of collection over Π,
ho ∈ CHOfpc

⇐⇒ ∀r ∈ N∗,∀j ∈ Π : |ho(r, j)| ≥ n− f .

Proof. (⇒) It follows from the definition of the Heard-Of collection of a valid run: the sets
of messages received when the process plays next on its turn. Since fpc only returns next
when at least n− f messages from the current round are received, the generated Heard-Of
collections must have Heard-Of sets with at least n− f elements.

(⇐) Let ho an Heard-Of collection over Π such that ∀r ∈ N,∀j ∈ Π : |ho(r, j)| ≥ n− f .
We build a run of fpc generating this Heard-Of collection.

One great candidate is the run built in the proof of Theorem 17, with local moves replaced
by those returned by fpc. The only subtlety left is showing that fpc always returns next on
a process turn.

Recall that whenever a turn is played for j ∈ Π at round r > 0, the received variable
of j contains every message sent before round r and those sent at round r from processes
in ho(r, j). Thus j past is complete and its receivedr contains more than n − f messages
by definition of ho. We then have fpc returning next, and therefore the run is a valid one
generating ho.

We conclude that ho ∈ CHOfpc
. J
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C.3 Proof of Lemma 28
I Lemma 28 (Without future, fpc forces next). ∀f a valid strategy for Sf ,∀p ∈ Proc :
(p.received = p.received≤p.round ∧ fpc(p) = next) =⇒ f(p) = next.

Proof. We prove ∀f a valid strategy of Sf ,∀p ∈ Proc :
(p.received = p.received≤p.round ∧ fpc(p) = next) =⇒ f(p) = next.

Assume ∃f, ∃p : p.received = p.received≤p.round ∧ fpc(p) = next ∧ f(p) = wait. Let
r = p.round. We now build an invalid run t generated by f to reach the sought contradiction.

For each process j ∈ Π such that (r, j) /∈ p.received, let lastj the greatest r′ ≤ r such
that (r′, j) ∈ p.received. Since fpc(p) = next, every message sent by j during some round
≤ lastj is in p.received. Let us also take a total order on Π, which exists by finiteness. We
write rank(j) for the position of j ∈ Π in this order. This also gives us a total order on
messages, the lexicographic one.

Our invalid run t advances processes in lock-step fashion until round r, and then every
process is blocked forever in local state p.

For each round up to r, the environment crashes every process j for whom the round
counter is equal to lastj ; after that, it simply delivers every message in transit and conclude
by playing turns for each process. Here processes are all in the same local state, there is no
message in transit and f is valid: thus each process plays next on its turn.

At round r, all messages left are delivered, then the environment iterates turns over all
processes. Since all processes are at round r and have received the messages in p.received,
they are all in state p. We thus reach a global deadlock since f(p) = wait.

In order to build our run, we will first compute how many moves the environment plays
to simulate a lock-step round. First, the number of crash moves during round r′ < r is
crr′ = |{k ∈ Π | lastk = r′}|. The number of turn moves is n, and the number delr′ of
deliveries during round r′ can be computed from crashes by del0 = 0, del1 = n(n − cr1),

and ∀r′ : 1 < r′ ≤ r : delr′ = n(n −
r′−1∑
l=0

crl). The indices where our simulated lock-step

rounds begin are given by index0 = 0 ,index1 = cr0 + n and ∀r′ : 1 < r′ < r : indexr′+1 =
indexr′ + crr′ + delr′ + n. Finally, let indexr+1 = indexr + delr the index from which the
environment only iterates on turns.

Now it is time to specify our run t. Since each process plays according to f and the initial
state is unique for runs, we only need to give the moves of the environment. We thus have:
∀i < indexr+1, let r′ ∈ N such that [indexr′ , indexr′+1 − 1] : t[i].move.env ,

crashj(∅) if

{
i ∈ [indexr′ , indexr′ + crr′ − 1]

∧ j = min{k ∈ Π | lastk = r′ ∧ (r′, k, ∅) /∈ t[i].state.env.crashed}

deliver(m) if

{
i ∈ [indexr′ + crr′ , indexr′ + crr′ + delr′ − 1]

∧ m = min t[i].state.env.transit

turnj if

{
i ∈ [indexr′ + crr′ + delr′ , indexr′+1 − 1]

∧ rank(j) = i− (indexr′ + crr′ + delr′) + 1
∀i ≥ indexr+1 : t[i].move.env , turnj , where rank(j)− 1 ≡ i− indexr+1 mod n.

First, we prove by induction on prefixes the following properties for t[0..(indexr+1 − 1)]:
Every move played by the environment is available.
When the environment plays turnj , no message from rounds smaller than the round of j
is in transit.
When the environment plays turnj , either f returns next for j or j is at round 0.

Notice that crashes played in t are available, because fpc(p) = next implies |p.receivedr| ≥
n− f and |{k ∈ Π | 0 ≤ lastk < r}| ≤ f .
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Base case: t[0].move.env is either a crash or a turn move.
If it is a crash, then it is available as showed above.
If it is a turn, it is available because turns always are.

Because we are at round 0, the other two properties are vacuously satisfied.
Inductive step: let i > 0 such that ∀i′ < i, the prefix of t of size i′ contains only
available moves, and the processes moves are always next on their turn after round 0 and
before round r. Let r′ ≤ r such that i ∈ [indexr′ , indexr′+1 − 1].

If i < indexr′ + crr′ , then the move is a crash. As shown above, it is available. Because
a crash move is played, the other two properties are trivially satisfied.
If indexr′+crr′ ≤ i < indexr′+crr′+delr′ , then the move is a delivery. Its availability
is then equivalent to the existence of a message in transit
By induction hypothesis, all previous turns after round 0 resulted in playing next,
which means that all messages for all rounds up to r′ from non-crashed processes were
sent. Also by induction hypothesis, the messages from rounds < r′ were delivered
before the turns that advanced every process to round r′.
The messages in transit are therefore those sent at round r′. Since there are delr′ such
messages, and there have been only i − indexr′ + crr′ deliveries at round r′, there
is still indexr′ + crr′ + delr′ − i to deliver in t[i].state.env.transit, which is strictly
greater than 0 thanks to the hypothesis on i. Delivering the minimal message for the
lexicographic order is then well-defined and available.
Because a delivery move is played, the other two properties are trivially satisfied.
If i ≥ indexr′ + crr′ + delr′ − i, then the move is turnj , where j satisfies rank(j) =
i− (indexr′ + crr′ + delr′) + 1. This j exists and is unique because i− (indexr′ + crr′ +
delr′) + 1 ∈ [1, n] by hypothesis on i. The move is also available, because turns always
are.
By induction hypothesis, every message from a round < r′ was delivered before any
process reached round r′. Then, delr′ messages were sent and as much were received,
which means no message from round < r′ is in t[i].state.env.transit.
Finally, every process is in the same local state after all deliveries from the round.
Since there is no message left in transit by induction hypothesis and f is valid, we
have f(t[i].state.j) = next.

Since all moves played after indexr+1 are turns, and thus available, we conclude that t is a
run of Sf .

This is also a fair run of Sf . First, the turn moves are played an infinite number of times.
Concerning deliveries, we showed above that all messages from rounds ≤ r are delivered in t.
As for messages from rounds strictly greater than r, notice that all processes end up in state
(r, {(r′, j) | r′ ≤ r ∧ j ∈ Π∧ lastj ≥ r′}) = p at t[indexr+1].state. Thus since f(p) = wait by
hypothesis, this results in a deadlock.

We conclude that t is an invalid run of f . But f is valid by hypothesis.
Contradiction. J

C.4 Proof of Lemma 31

I Lemma 31 (Domination of Reactionary Conjunction). Let S = 〈n + 1, Q,Q0,M,Moves,

δ〉 a waiting game and let f : Proc 7→ {wait, next} and f ′ : Proc 7→ {wait, next} two valid
reactionary strategies for S. Then f ∧ f ′ is a valid reactionary strategy for S, f ≺HO (f ∧ f ′)
and f ′ ≺HO (f ∧ f ′).
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Proof. By definition of the conjunction and the fact that both f and f ′ are reactionary, f ∧f ′
is a reactionary strategy. If it is valid, its domination over f and f ′ follows from applying
Lemma 20 to f and f ′ separately. We now prove the validity of f ∧ f ′ by contradiction.

Assume there is t an invalid run of f ∧ f ′ and r a minimal round such that some
process j is eventually blocked forever at round r in t. By minimality of r, ∃afterr ∈ N :
∀k ∈ Π : t[afterr].state.k.round ≥ r. Because messages are only sent when going to the
next round, no message from a round ≤ r is sent after index afterr. We thus deduce by
weak-fairness of deliveries that these messages are all eventually delivered; thus there is an
index block ∈ N such that ∀k ∈ Π : t[block].state.k.round ≥ r ∧ ∀r′ ≤ r, ∀k ∈ Π : (r′, k, j) /∈
t[block].state.env.transit.

From this point on, the reactionary state of j never changes in t. The invalidity of t then
yields that f ∧ f ′ returns wait for this reactionary state, and thus so does at least one of f
and f ′. Let it be f , without loss of generality.

Let tblock
sf the stuttering-free reduction of t[0..block], and let blocksf = length(tblock

sf ).
We now build a run t′ of f by taking tblock

sf as a prefix of size blocksf , replacing every local
move in this prefix by the one returned by f , and then extending this prefix by alternatively
delivering all messages in transit and playing a turn for each process.

∀i < blocksf ∈ N :


t′[i].state = tblock

sf [i].state
t′[i].move.env = tblock

sf [i].move.env
∀k ∈ Π : t′[i].move.k = f(tblock

sf [i].state.k)
For the extension, we only specify the move of the environment. ∀i ∈ N ≥ blocksf :
t′[i].move.env ,

turnk if

{
(rank(k) = 1 ∧ t′[i].state.env.transit = ∅)

∨ (∃k′ ∈ Π : rank(k) = rank(k′) + 1 ∧ t′[i− 1].move.env = turnk′)

deliver(m) if


t′[i].state.env.transit 6= ∅)

∧
(

∃k ∈ Π : rank(k) = n ∧ t′[i− 1].move.env = turnk

∨ ∃m ∈ N∗ ×Π×Π : t′[i− 1].move.env = deliver(m)

)
∧ m = min t′[i].state.env.transit

The prefix of t′ corresponding to tblock
sf contains only available environment moves be-

cause tsf is a run, and our extension also contains available moves. Because t′[0].state =
tblocks
sf .state = q0, showing that t′ is a run of S reduces to checking whether ∀i ∈ N :
t′[i+ 1].state = δ(t′[i].state, t′[i].move). Because the extension is specified only by the move
of the environment, this is vacuously satisfied after blocksf . We thus only focus on proving it
for i < blocksf .

t′[i+ 1].state = tblock
sf [i+ 1].state by definition of t′

= δ(tblock
sf [i].state, tblock

s f [i].move) because tblock
sf is a run

= δ(t′[i].state, tblock
sf [i].move) by definition of t′

This leaves only the question of whether the potential differences between tsf [i].moves
and t′[i].moves change the return of δ. We can distinguish two cases.

∀j ∈ Π : t′[i].move.env 6= turnj . Since t′[i].move.env is not a turn, δ(t′[i].state, t′[i].move)
is independent of the local moves played by processes by definition of δ. Because
t′[i].move.env = tblock

sf [i].move.env by definition of t′, we conclude that δ(t′[i].state, t′[i].move) =
δ(t′[i].state, tblock

sf [i].move), and thus t′[i+ 1].state = δ(t′[i].state, t′[i].move).

∃j ∈ Π : t′[i].move.env = turnj . Since t′[i].move.env is a turn, δ(t′[i].state, t′[i].move)
depends only on whether or not j changes round. If t′[i].state.j.round = 0, it is inde-
pendent of j move, and we go back to the previous case. If t′[i].state.j.round > 0, we have
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tblock
sf [i].move.j = (f ∧ f ′)(tblock

sf [i].state.j) because tblock
sf is a run.

= next because tblock
sf is a stuttering-free reduction

= f(tblock
sf [i].state.j) by definition of conjunction

= t′[i].move.j by definition of t′

We conclude that δ(t′[i].state, t′[i].move) = δ(t′[i].state, tblock
sf [i].move), and thus

t′[i+ 1].state = δ(t′[i].state, t′[i].move).

Thus t′ is a run of S. In addition, since the network is repeatedly purged in the extension
and plays an infinite number of turns for each process, this is a fair run. Finally, the definition
of t′ yields that t′[blocksf ].state = t[block].state. We showed earlier that in this state, there
is no message from a round ≤ r to j left in transit, and every process is at a round greater
or equal to r. Thus the reactionary state of j never changes until f plays next on j turn.
But we also showed that f plays wait for this reactionary state. This yields that t′ is an
invalid run of f , contradicting the validity of f . J

D Definitions for Section 6

D.1 Waiting game with initial crashes
I Definition 38 (Asynchronous, reliable communication, at most f initial crashes). Let Π the
set of n processes. Then Sini = 〈n + 1, Qini, Qini

0 ,M ini,Movesini, δini〉 is a waiting game
with:

Aini = {∅} and Bini = P(Π), where the new environment variable is initiallyCrashed,
the set of crashed processes.
Aini

0 = ∅, Bini
0 = ∅.

M ini
B = {initialCrashj | j ∈ Π}.
∀q ∈ Qini,Movesini

MB
(q) =

{initialCrashj | j ∈ Π
∧¬(j ∈ q.env.initiallyCrashed) ∧ q.j.round = 0} if |q.env.initiallyCrashed| < f

∅ otherwise

∀q ∈ Qini,∀j ∈ Π,

sendini(q, j) =
{
∅ if j ∈ q.env.initiallyCrashed
Π otherwise

∀q ∈ Qini,∀menv ∈Movesini
env(q), δini

AB(q,menv) =
({∅}n, q.env.initiallyCrashed ∪ {j ∈ Π | menv = initialCrashj}).

D.2 Waiting game with message losses
I Definition 39 (Asynchronous and at most l losses per round). Let Π the set of n processes.
Then Sl = 〈n+ 1, Ql, Ql

0,M
l,Movesl, δl〉 is a waiting game with:

A = {∅} and B = P(N×Π×Π), where the new environment variable is lost, the set of
lost messages. We write lostr for {(r′, i, j) ∈ lost | r′ = r}.
Al

0 = ∅, Bl
0 = ∅.

M l
B = {lose((r, i, j)) | r ∈ N∗, i, j ∈ Π}.
∀q ∈ Ql,Movesl

MB
(q) =

{lose(r, k, j) | r = q.k.round+ 1 ∧ (r, k, j) /∈ q.env.lost ∧ |q.env.lostr| < l}
∀q ∈ Ql,∀j ∈ Π, sendl(q, j) = Π \ {k ∈ Π | (q.j.round+ 1, j, k) ∈ q.env.lost}
∀q ∈ Ql,∀m ∈Movesl(q), δl

AB(q,menv) =
({∅}n, q.env.lost ∪ {(r, i, j) ∈ transit | menv = lose((r, i, j))}).



A. Shimi, A. Hurault and P. Quéinnec 23:27

D.3 Waiting game with perfect failure detector and crashes
I Definition 40 (Asynchronous,reliable communication,perfect failure detector and crashes).
Let Π the set of n processes. Then SP = 〈n + 1, QP , QP

0 ,M
P ,MovesP , δP 〉 is a waiting

game with:
AP = P(Π) and BP = P(Π× N× P(Π)), where the new process variable is suspected,
the set of processes suspected by the local failure detector, and the new environment
variable is crashed, the set of crashed processes represented by their name, the round
where they crashed and the set of processes to which a message was sent before crashing,
if the crash to model happens during a broadcast.
AP

0 = ∅, BP
0 = ∅.

MP
B = {crashj(sent) | j ∈ Π, sent ∈ P(Π)} ∪ {suspectj(i) | i, j ∈ Π}
∀q ∈ QP ,MovesP

MB
(q) =

{crashj(sent) | j ∈ Π ∧ sent ∈ P(Π) ∧ ¬(∃r ∈ N,∃s ∈ P(Π) : (j, r, s) ∈ q.env.crashed)}
∧ {suspectj(i) | ∃r ∈ N, sent ∈ P(Π) : (j, r, sent) ∈ q.crashed ∧ j /∈ q.i.suspected}
∀q ∈ QP ,∀j ∈ Π,

sendP (q, j) =


Π if

{
∀r ∈ N,∀sent ∈ P(Π) :
(j, r, sent) /∈ q.env.crashed

sent if

{
∃sent ∈ P(Π) :
(j, q.j.round, sent) ∈ q.env.crashed

∅ otherwise

∀q ∈ QP ,∀menv ∈MovesP
env(q), δP

AB(q,menv) =
((
∏

k∈Π
q.k.suspected), q.env.crashed ∪ {(j, q.j.round, sent)}) if menv = crashj(sent)}

((
∏

k 6=j

q.k.suspected), q.j.suspected ∪ {i}, q.crashed) if menv = suspectj(i)

WFP
B = {{suspectj(i)} | i, j ∈ Π}.
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